Student seminar exercise sheet Week 14

Let F' be a number field.
1. Let

® .  {finite abelian extension K of F} — {open subgroups H of Jr that contains F*}
K — FX NK/F JF

Let K, K’ be finite abelian field extensions of F'. Show that ® has the
following properties

iii. (K NK')=d(K)P(K').
iv. If H = ®(F) = F*Ng,pJp and K 2 E, then E is the fixed field of
pr/F(H).

2. The group of S-idele classes of F' is
CF,S = CF/FS-

We have Jp s C Jr and Fs C F'*, so there a natural embedding Cr s —
Cp. Show that there is a topological and algebraic isomorphism

JF/FXJF,S = CF/OF,S
3. Let S C VF be a finite set of places of F', containing all infinite places.
(a) Let S =S — S and

v FS — Igo
a — (@)

where Zs, is the group of fractional ideals of F' generated by {p,: v €
So}. Show that there is an exact sequence

1 O;; FS il ISO .

(b) Show that (Fs) is of rank #8p.
(c) Show that Fs = Ox x v(Fs).
(d) Conclude that

Fs @ Wp x Z#571

where Wp is the group of roots of unity in F.



4. We look at Kummer extension of some fields.

(a) What are the Kummer 2-extension of Q ?
(b) What if we add a third root of unity ? Namely, what are the Kummer
3-extension of Q({3) ?

5. Let n > 0 and S be a finite set of places of F', where I’ contains all n-th
root of unity. Moreover assume that for every prime p, dividing n, the
associated finite place v belongs to S and that S contains all infinite places
and is large enough so that Jp = F*Jrs. Finally let

B=[[@E)" = [[th-
veS vg¢S

Show that BN F* = Fg.



